In General Relativity, the motion of expanding shearfree perfect uids is governed by the ordinary di erential equation y 00 = F (x) y 2 , where F is an arbitrary function from which the equation of state can be computed. A complete symmetry analysis of this di erential equation is given; its solutions are classi ed according to this scheme, and in particular the relation to Wyman's Painlev e analysis is clari ed.
Spherically symmetric perfect uids in shearfree motion -the symmetry approach.
taken into account and the model of a perfect uid becomes obsolete, and they are mathematically interesting because of some properties which we intend to discuss in detail. Because of the high symmetry of the problem, the eld equations become very simple: it was shown by Kustaanheimo and Qvist (1948) was made, i.e. the elds are not static (and the expansion of the uid is not zero). It may be a surprise that the time dependent motion of the uid is described by a timeindependent di erential equation (1.2) , but the condition (1.6) clari es how the time enters: one has to nd a solution of (1.2) which contains at least one arbitrary parameter (constant of integration), which then can be chosen to be a function of time; preferably we are interested in the general solution for a given function F , with two constants of integration.
The history of the spherically symmetric and shearfree solutions is long and rich in rediscoveries and detours. Although the central equation (1.2) was already found in 1948 by Kustaanheimo and Qvist 1] , it remained hidden in the literature, and several papers published later contained only solutions which were just special cases of solutions already given in 1]. Kustaanheimo and Qvist constructed their solutions by means of the symmetry approach due to Lie, but this method also remained forgotten for a long time. Many new solutions found later could have been found using Lie symmetries.
In this paper we want to discuss this symmetry approach in some detail. But before doing this, we will give a short review of the di erent methods used so far in solving y 00 = F (x) y 2 : The trivial case F = 0 will always be excluded.
2. The three approaches for solving y 00 = F (x) y 2 :
The direct approach
In many papers either the full set of eld equations (by making an ansatz for the metric functions (r; t) and v(r; t) ) or the central equation y 00 = F (x) y 2 (by making an ansatz for F (x) ) was solved directly, often in a rather ingenious way, and often leading to very complicated expressions for the metric. Since the two other approaches are superior in that they proved far more successful (all solutions found by any of the direct approaches are contained as subcases) and moreover admit an invariant classi cation of the di erent cases, we refer the reader to the literature 2], 3], 10], where most of these solutions are given (or quoted) and their interrelation is discussed.
Wyman's Painlev e approach
In his search for functions F (x) for which the solutions of y 00 = F (x) y 2 have xed critical points (branch points) and essential singularities, Wyman (1976) The symmetry approach opens up a systematic way to search for classes of functions F (x) which give rise to symmetries, and to construct solutions of y 00 = F (x) y 2 for these cases. We will discuss this in some detail in the following sections. (where the last column shows the e ect on the constants appearing in the symmetry (2.16) and in the condition (2.18)). A more general invariance (or gauge) transformation of y 00 = F (x) y 2 is provided by the transformation (2.2) if restricted to p = q = 0 . Whereas all these transformations are members of a continuous group, there is also a discrete transformation which has its origin in the invariance of the metric under the re ectionr = 1=r:
It is the transformatioñ Together with (3.2) it can be used to achieve e.g. d = 0: If two functions F (x) andF(x) are equivalent in the sense discussed above, their related di erential equations y 00 = F (x) y 2 andỹ 00 =F (x)ỹ 2 are equivalent, too -although the physical interpretation of the relevant metrics may be quite di erent. In the general case c6 =0, dx+e6 =0 , one can simplify the task by realizing that the system (3. (3.13)
Invariant solutions
If there is a symmetry, it may be worthwhile to ask whether interesting solutions exist which are xed points of the symmetry 6], i.e. solutions of y 00 = F (x) y 2 which lie on an invariant surface y ? y(x) = 0 and therefore satisfy In our context, the interesting solutions are those which contain an arbitrary parameter not occurring in F (which then could be taken as a function of time). Since the general solution of the inhomogeneous linear di erential equation (3.14) has the form y = y (hom) + y (inh) , the parameter does not drop out when inserting this into y 00 = F (x) y 2 and cannot be taken as a function of time; the invariant solutions are not of interest. (note that the symmetries are not given in the gauge (4.1) to avoid some irrelevant constants).
Summary
For the symmetry approach to the di erential equation y 00 = F (x)y 2 two di erent tasks can be imagined. The rst task is to determine all functions F (x) for which y 00 = F (x)y 2 admits a symmetry. Two cases have to be distinguished: (1a) y 00 = F (x)y 2 should admit one symmetry. In the notation of Section 3.2, the state of the art is: All functions F belonging to symmetries with either c = 0 or dx + e = 0 are known and given by (3.7 -3.8) for c = 0, and by (3.9 -3.10 ) for dx + e = 0; for the general case c(dx + e) 6 = 0 one has to solve (3.12), but no solution is known so far which admits only one symmetry. (1b) y 00 = F (x)y 2 should admit two symmetries. (2c) y 00 = F (x)y 2 admits two symmetries. Then its general solution can be given in terms of quadratures by standard group theoretical methods 6], or by transforming y 00 = F (x)y 2 into (4.8) using the symmetry with c = 0 and then performing some quadratures. In the two-symmetry case F satis es (2.9).
